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$E$ : $y^{2}=x^{3}+Ax+B$ $(A, B\in Q)$
$k$ Mordell-Weil $E(k)$
$r(E/k)=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}E(k)/E(k)_{\mathrm{t}\mathrm{o}\mathrm{r}}$
$L(E/k, s)$ $E/k$ $\mathrm{L}$ Hasse-
Weil
$\rho(E/k)=\mathrm{o}\mathrm{r}\mathrm{d}_{S}=1L(E/k, s)$
$k=Q$ $K=Q(\sqrt{D})$ Birch Swinnerton-Dyer
( $(\mathrm{B}\mathrm{S}\mathrm{D}/k)$ ) Tate-Shafarevich (E/k)
$\mathrm{I}\mathrm{I}\mathrm{I}(E/k)=\mathrm{k}\mathrm{e}\mathrm{r}(H^{1}(k, E)arrow v\in\Sigma\prod_{k}H^{1}(kEv’))$
$\Sigma_{k}$ $k$ $k=Q$ $(\mathrm{B}\mathrm{S}\mathrm{D}/Q)$
$(BSD(1)/Q)$ $r(E/Q)=\rho(E/Q)$ ( $=r$ )




(If) $(|D|, 2N)=1$ , $D\equiv$ square (mod $4N$).
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$E/K$ $(\mathrm{B}\mathrm{S}\mathrm{D}/K)$
$(BSD(1)/K)$ $r(E/K)=\rho(E/K)$ ( $=r$ )
$(BSD(2)/K)$ $\lim_{sarrow 1}\frac{L(E/K,S)}{(s-1)^{r}}=\frac{\det(\hat{h}(P_{i},P_{j}))|\mathrm{I}\mathrm{I}\mathrm{I}(E/K)|}{(E(\mathrm{A}^{\Gamma}).\sum ZP_{i})^{2}}.(\prod_{p|N}C_{p})^{2}\Omega\Omega^{;}$
$P_{1},$
$\cdots,$
$P_{r}$ $E(K)$ $Z$ $I\mathrm{i}’/Q$ $E$ twist
$E’$ : $Dy^{2}=x^{3}+Ax+B$
$\Omega’$ $E’$ period





$E$ modular morphism $\varphi$ :
$X_{0}(N)arrow E$ $\varphi(i\infty)=0$
Theorem 11(Gross-Zagier, [2]) $(\mathrm{K})(\mathrm{M})$
$L’(E/K, 1)= \frac{\hat{h}(y_{K})}{(cu_{K})^{2}}\Omega\Omega’$ .
$u_{K}$ $K$ 1 $\frac{1}{2}$ $y_{K}\in E(K)$ Heegner point
( )
(K) $\rho(E/K)$ $\rho(E/K)\geq 1$
Theorem 1.1 $p(E/K)=1$ $h(y_{K})\neq 0$
$(H)$ $y_{K}$
Corollary 1.2 $(\mathrm{K})(\mathrm{M})$ $\rho(E/K)=1$ (H)
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Corollary 13 $(\mathrm{K})(\mathrm{M})$
(i) $E$ $(\mathrm{B}\mathrm{S}\mathrm{D}(1)/K)$ $r(E/K)=1$
(ii) $E$ $(\mathrm{B}\mathrm{S}\mathrm{D}(2)/K)$
$| \mathrm{I}\mathrm{I}\mathrm{I}(E/K)|=(\frac{(E(\mathrm{A}^{\nearrow})\cdot Zyh’)}{cu_{\mathrm{A}’}\Pi C_{p}}.)^{2}$
( ) (i) Corollary 12 (ii) (BSD(2) $/K$ ) Gross-Zagier
Kolyvagin












$\varphi$ : $X:=x\mathrm{o}(N)arrow E,$ $\cdot\varphi(i\infty)=0$
$n$ $\mathcal{O}_{n}$ conductor $n$ $\mathcal{O}_{K}$ order $\mathfrak{n}$
$\mathcal{O}_{n}$ $N$ ( (K)
) cyclic $\mathrm{N}$-isogeny $C/\mathcal{O}_{n}arrow C/\mathfrak{n}^{-1}$
$X(C)$ $x_{n}$ :
$x_{n}=(C/\mathcal{O}_{n}arrow C/\mathfrak{n}^{-1})\in X(C)$ .
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$R_{n}’$ $K$ conductor $n$ ring class field $x_{n}\in X(K_{n})$
$y_{n}$ $=$ $\varphi(x_{n})\in E(R_{n}’)$




$\Lambda_{1}(M)=$ { $\ell\in\Lambda_{1}|\mathrm{F}\mathrm{r}\mathrm{o}\mathrm{b}(l)=\mathrm{F}\mathrm{r}\mathrm{o}\mathrm{b}(\infty)$ in $I\mathrm{t}’(E_{p}M)$ }
Frob( Frob(oo) $\ell$ $\mathrm{G}\mathrm{a}1(K(E_{p^{M}})/Q)$
$l\in\Lambda_{1}$ $\Lambda_{1}(M)$
:




$\bullet$ $\ell+1\equiv a_{l}\equiv 0$ (mod $p^{M}$ ).
$r\geq 1$











Kolyvagin operator $D_{n}$ ‘ $p\in\Lambda_{1}(M)$








$P_{n}$ $\mathrm{o}\mathrm{r}\mathrm{d}_{p}P_{n}<\infty$ $r\geq 0$
$M_{r}= \min\{\mathrm{o}\mathrm{r}\mathrm{d}_{p}Pn|n\in\Lambda_{r}(\mathrm{o}\mathrm{r}\mathrm{d}_{pn}P+1)\}$
$M_{0}=\mathrm{o}\mathrm{r}\mathrm{d}Pp1$
Proposition 21 $(G(p))$ (i) $y_{K}$ $M_{0}=$
$\mathrm{o}\mathrm{r}\mathrm{d}_{p}(E(K):Zy_{K})$ .
(ii) $M_{0}\geq M_{1}\geq M_{2}\geq\cdots$





$P\in E(K)\cap p^{M}E(K_{1})$ $P=p^{M}Q$ $Q\in E(I1_{1}’)$
$\sigma\in \mathrm{G}\mathrm{a}1(K_{1}/I\iota’)$ $p^{M}(Q^{\sigma}-Q)=0$ $E(K_{1})_{p}=0$
$Q^{\sigma}=Q$ $Q\in E(K)$ $E(K)\mathrm{n}pEM(K_{1})=pE(MK)$






15 $m= \min\{M_{r}|r\geq 0\}$
$\mathrm{o}\mathrm{r}\mathrm{d}_{p}|\mathrm{I}\mathrm{I}\mathrm{I}(E/K)|=2(M_{0^{-}}m)\leq 2\mathrm{o}\mathrm{r}\mathrm{d}(pE(K) : Zy_{K})$.
14
3 Selmer Euler system
$F$ $K$ descent sequence
$0arrow E(F)/pEM(F)arrow\delta FH1(F, E_{p}M)-j_{F}H^{1}(F, E)_{p^{M}}arrow 0$
$F=l\mathrm{i}_{v}’(v\in\Sigma_{K})$ $\delta_{K_{v}}$ $\delta_{v}$ $\Sigma_{K}$
$\mathcal{L}$
$S_{\mathcal{L},p^{M}}(E/K)$ $=$ $\{c\in H^{1}(IC, E_{p}M)|\mathrm{r}\mathrm{e}\mathrm{s}_{v}(c)\in\delta_{v}(E(Icv))\forall v\in\Sigma\backslash \mathcal{L}\}$
$=$ $\mathrm{k}\mathrm{e}\mathrm{r}(H^{1}(K, E_{p}M)arrow\prod_{v\not\in \mathcal{L}}H^{1}(KEv’)_{p^{M})}$
$\mathcal{L}=\phi$ $S_{p^{M}}(E/K)=S_{\mathcal{L},p^{M}}(E/K)$





Kolyvagin $H^{1}(K, E_{p^{M}})$ Euler system
Proposition 3.2 $P_{n}$ $E(K_{n})/!E(K\ovalbox{\tt\small REJECT}$ $[P_{n}]$
$[P_{n}]\in(E(Ic_{n})/pME(\mathrm{A}’)n)^{Q}n$ .
( )[1], p.241
Proposition 33 $(G. (p))$ $\mathrm{r}\mathrm{e}\mathrm{s}:.H^{1}(K, E_{P^{M}})arrow H^{1}(\Lambda_{n}\mathcal{F}, E_{p}M)^{\mathcal{G}}n$
( )E $(I\mathrm{t}_{n}^{r})p=0$
$0$ $arrow$ $E(K)/p^{M}E(K)$ $-^{\mathit{6}}$ $H^{1}(K, E_{p^{M}})$ $-^{j}$ $H^{1}(K,.E.)_{p^{M}}$ $arrow$ $0$
$\downarrow$ $\downarrow \mathrm{r}\mathrm{e}\mathrm{s}$ $\downarrow \mathrm{r}\mathrm{e}\mathrm{s}$




$c_{M}(n)\in H^{1}(K, E_{P^{M}})$ $d_{M}(n)\in H^{1}(K, E)_{p^{M}}$
$c_{M}(n)$ $=$ $\mathrm{r}\mathrm{e}\mathrm{S}^{-1}\delta_{n}([P_{n}])$ ,
$d_{M}(n)$ $=$ $j(c_{M}(n))$
Kolyvagin $\{cM(n)\}n\in\Lambda(M)$ Euler system notation Gross
$L(E/Q, s)$ $-\epsilon=\pm 1$ $\mathrm{G}\mathrm{a}1(I\mathrm{t}’/Q)$-module $X$
$X^{\pm}=\{x\in X|x^{\tau}=\pm x\}$
$\tau$ $\mathrm{G}\mathrm{a}1(K/Q)$
Proposition 34 $n\in\Lambda_{r}(M)$ $\epsilon_{n}=(-1)^{r}\epsilon$
(i) $c_{M}(n)\in H^{1}(K, E_{p}M)^{\epsilon_{n}}$ .
(ii) $d_{M}(n)\in H^{1}(K_{n}/K, E)_{p^{M}}\epsilon_{n}\subset H^{1}(K, E)_{p}^{\epsilon_{n}}M$ .
(iii) $\mathrm{o}\mathrm{r}\mathrm{d}d_{M}(n)\leq p^{M-M_{r}}$ .
(iv) $\lambda\int n$ $d_{M}(n)_{\lambda}=0,$ $\lambda|n$ $\mathrm{o}\mathrm{r}\mathrm{d}d_{M}(n)_{\lambda}\leq p^{M-M_{r-1}}$
Corollary 35 $n\in\Lambda_{r}(M_{r-1}+1)$
(i) $C_{M_{r-1}}(n)\in S_{p^{M_{r}}}-1(E/K)$ .
(ii) $d_{M_{r-1}}(n)\in \mathrm{I}\mathrm{I}\mathrm{I}(E/K)_{p^{M_{\mathrm{r}-1}}}-M_{\Gamma}$ .
( ) Proposition 3.4 (iv)
$d_{N_{r-1}}(n)v=0$ $(\forall v\in\Sigma_{K})$
$d_{M_{r-1}}(n)\in$ (E/K) (iii) $d_{M_{r-1}}(n)\in \mathrm{I}\mathrm{H}(E/K)_{p^{M_{r-1}}}-M_{r}$
(ii) (i) Selmaer (ii)
$M_{r-1}>M_{r}$ $n$ (E/K)
$\mathrm{I}\mathrm{I}\mathrm{I}(E/K)_{p}\infty$ $d_{M_{\mathrm{r}-1}}(n)$ , $n\in\Lambda_{r}(M_{r-1}+1)$
4 Theorem 1.5




$H^{1}(K, E_{p}M)arrow H^{1}(L, E_{p}M)^{\mathcal{G}}=\mathrm{H}\mathrm{o}\mathrm{m}_{\mathcal{G}((\overline{L}/}\mathrm{G}\mathrm{a}1L),$$E_{p^{M}})$
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$S\subset H^{1}(K, E_{p^{M}})$ $L$ Galois $L_{S}$
$Sarrow \mathrm{H}\mathrm{o}\mathrm{m}\sim \mathcal{G}(\mathrm{G}\mathrm{a}1(Ls/L), E_{p^{M}})$
$\delta(y_{K})\in S$ $L(p^{-M}y_{K})\subset L_{S}$
$H$ $=$ $\mathrm{G}\mathrm{a}1(Ls/L)$ ,
$I$ $=$ $\mathrm{G}\mathrm{a}1(Ls/L(p^{-M}y_{K}))$ .
$H/I\cong(Z/p^{M-M_{0}}Z)^{2}$
$(H/I)^{+}\cong(H/I)^{-}\cong Z/p^{M-M_{0}}Z$
(i) $/\backslash \in\Lambda_{1}$ $\lambda$ $L$
$\lambda_{L}$





$((E(K_{\lambda})/p^{M}E(K_{\lambda}))\epsilon)^{*}\cong H1(K\lambda, E)_{p^{M}}-\mathcal{E}\cong Z/p^{M}Z$
$\ell\in\Lambda_{1}$ $\lambda=(\ell)\in \mathcal{L}$ $d_{M(\ell)_{v}}=0(\forall v\neq\lambda)$
$C_{M(\ell)}\in Sc$
$\mathrm{o}\mathrm{r}\mathrm{d}d_{M}(l)_{\lambda}=p^{M-M_{0}}$









fix $L’=L(c_{M}(l’)\rangle$ $\mathrm{G}\mathrm{a}1(L’/L)\cong Z/p^{M-M_{1}}Z$
$\mathcal{L}$
$\mathcal{L}’=\{\lambda=(^{\ell})|$ $\ell_{\in}\Lambda_{1}(\text{ })\mathrm{F}\mathrm{r}\mathrm{o}\mathrm{b}(\lambda_{L})\in I(\mathrm{D})(M)\mathrm{F}\mathrm{r}\mathrm{o}\mathrm{b}(\lambda L)|_{L}’/L^{+}$
generates
$\mathrm{G}\mathrm{a}1(L’/L)\}$






$\frac{\oplus_{\lambda’}H^{1}(I\iota_{\lambda},E\prime)\in p^{M}}{\oplus_{\lambda’}\langle d_{M}(\ell\ell)\rangle},arrow(S^{\epsilon}/\langle\delta(y_{I\backslash }\Gamma)\rangle)^{*}$
$p^{M_{1}}(S^{\epsilon}/\langle\delta(y_{K})))=0\circ$
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